The Hénon-Heiles Hamiltonian was introduced in 1964 [1] as a mathematical model to describe the chaotic motion of stars in a galaxy. By canonically transforming the classical Hamiltonian to a Birkhoff-Gustavson normalform Delos and Swimm obtained a discrete quantum mechanical energy spectrum. The aim of the present work is to first quantize the classical Hamiltonian and to then diagonalize it using different variants of flow equations, a method of continuous unitary transformations introduced by Wegner in 1994 [2] . The results of the diagonalization via flow equations are comparable to those obtained by the classical transformation. In the case of commensurate frequencies the transformation turns out to be less lengthy. In addition, the dynamics of the quantum mechanical system are analyzed on the basis of the transformed observables. PACS-numbers: 03.65.-w (Quantum mechanics), 05.45.+b (Theory and models of chaotic systems)
Introduction
The Hénon-Heiles Hamiltonian describes two one-dimensional harmonic oscillators with a cubic interaction. It is one of the simplest Hamiltonians to display soft chaos in classical mechanics: by increasing the total energy a transition from an integrable to an ergodic system is induced. Originally conceived to model the chaotic motion of stars in a galaxy it later became an important milestone in the development of the theory of chaos [3] , partly because of the conceptual simplicity of the model.
In order to investigate this continuous loss of integrability with growing total energy Gustavson [4] transformed the classical Hamiltonian by a series of canonical transformations to a Birkhoff-Gustavson normal form [5] , which allowed him to construct an additional constant of motion. Thus he was able to analytically reproduce Poincaré surfaces of section as obtained by numerical integration.
The present work is based upon two publications ( [6] and [7] ) in which Delos and Swimm used the classical Birkhoff transformation [5] as applied by Gustavson to analyze how the classically chaotic behavior of the system is transformed into quantum mechanics. The Birkhoff-Gustavson normal form is a power series in oscillator Hamiltonians and thus allows a direct determination of a quantum mechanical eigenvalue spectrum from the classical Hamiltonian. For a fixed set of parameters Delos and Swimm analytically calculated the spectrum of the Hénon-Heiles Hamiltonian which reproduced the eigenvalues obtained by numerical diagonalization of finite matrices.
The main problem of the quantum mechanical Hénon-Heiles Hamiltonian is the fact that it is not bounded from below. It contains a cubic potential. The classical motion discussed by Gustavson and by Delos and Swimm corresponds to initial conditions near the local minimum of the potential and to an energy that is below the saddle point value of the potential. By these conditions the classical motion is always restricted to a finite region. In the corresponding quantum problem, the particle will always tunnel through the barrier. Therefore the eigenvalue spectrum calculated by Delos and Swimm is not the real eigenvalue spectrum of the Hamiltonian. It describes effective states that can be used to describe the dynamics near the minimum of the potential and for times that are small compared to the escape time.
The aim of the present paper is to first quantize the classical Hamiltonian and to then diagonalize it using the method of flow equations which was introduced by Wegner [2] in 1994. It is clear that concerning the tunneling problem, the flow equations have the same limitation as the quantization of the Birkhoff-Gustavson normal form by Delos and Swimm. The bound states and the eigenvalues obtained using flow equations allow only an effective description for small times. One advantage of the flow equations is that a correct and simple treatment of the system is possible even if the two frequencies of the harmonic oscillators are commensurate. This is not the case if Birkhoff-Gustavson normal form is quantized. Furthermore, the quantum mechanical treatment allows a description of the dynamics.
The structure of the paper is as follows. The next section offers a general introduction to the flow equation method. In sections 3 and 4 their application in two variants to the Hénon-Heiles model is treated. Section 5 contains some results of the diagonalization: in a table the energy eigenvalues obtained in the flow equation approach are compared with those obtained by numerical matrix diagonalization for a fixed coupling constant. A graph shows the dependence of the calculated eigenvalues upon the coupling strength. In section 6 a case of commensurate frequencies is treated and a similar table of eigenvalues is obtained. Section 7 offers a method to investigate the dynamics of the quantum mechanical system, transition amplitudes between the eigenstates of the uncoupled system are determined. The effect of growing coupling strength upon the transition amplitudes is shown. The last section contains a summary of the results of the present work, gives a comparison to the work of Delos and Swimm and a discussion of the limitations of the Birkhoff-Gustavson transformation.
Flow Equations
The method of flow equations consists in a continuous unitary transformation of a given Hamilton operator H, which can be written in differential form:
There are several possibilities to choose the antihermitean generator η so that H(∞) becomes diagonal. Wegner [2] proposed:
where H d and H r are the diagonal and the off-diagonal portions of the Hamilton operator respectively. A detailed argument for the usefulness of this choice of the generator can be found in [2] . But the consistency can be easily verified, since in the limit ℓ → ∞ as H(ℓ) becomes more diagonal η(ℓ) will vanish and so will
The flow equation method has been applied to various models (see e.g. [8, 9, 10, 11, 12] ). The general behavior is such that terms that appear in η (2.2) will result in new terms in the transformed Hamilton operator by (2.1). If this iterative process does not result in a closed set of differential equations it can be forced into such by defining an order for the appearing terms -e.g. the number of creation operators in them -and neglecting all terms of higher order. This approach will be called cut-off.
A second approach to handle the system of differential equations (2.1) and (2.2) for a given Hamilton operator H = H d (0) + λ H r (0) is to define the transformed Hamilton operator as a power series in the coupling constant λ
The coefficients H k (ℓ) can be determined iteratively and this method shall be called iteration. Both of these procedures -the cut-off and the iteration -will become more transparent as they are applied to the Hénon-Heiles Hamiltonian in the next two sections. 
The Cut-off Procedure
The Hénon-Heiles Hamiltonian can be expressed as a function of two spatial coordinates q 1 and q 2 and the two momenta p 1 and p 2 (see figure 1 ):
Quantizing this classical Hamiltonian using the operators
will give the Hamilton operator
where the coupling constant λ has been rescaled and the constant term dropped.
This Hamilton operator is to be transformed into the quantum mechanical equivalent of a Birkhoff normalform, a power series in oscillator Hamiltonians:
The generalized frequencies w km are obtained from the transformed Hamilton operator H(ℓ) in the limit
where:
The ℓ-dependent coefficients are determined from (2.1) and (2.2) which combine to:
Neglecting all terms of third order in λ or higher we obtain the following set of differential equations by coefficient matching:
The equations for x 3 , . . . , x 6 are all of similar type, the equations for w i j are uncoupled. The system can therefore be reduced to five equations. It could not be solved analytically. But the asymptotic behavior for large ℓ is the following:
Then the off-diagonal elements show an exponential decay (except in the case of commensurate frequencies 2w ∞ + v ∞ = 0):
The diagonalized Hamilton operator was determined by numerical integration of (3.7) using a RungeKutta procedure. For various sets of fixed parameters the approximation was improved by extending the calculation to all terms up to fourth order in λ. The resulting set of differential equations for coefficients x 1 , . . . , x 48 , w, v and the coefficients w i j corresponding to the diagonal operators (a †i a i ) (b † j b j ) were also determined by numerical integration. An eigenvalue spectrum obtained from the transformed Hamiltonian in the limit ℓ → ∞ was calculated for different values of the coupling constant λ. Results of these calculations are presented in section 5.
The Iterative Procedure
A far more elegant way to solve the flow equation (2.1) for the Hénon-Heiles Hamiltonian is an iterative calculation of the H k (ℓ) defined in (2.3). It avoids the numerical integration applied in the previous section and allows a better insight into the transformation mechanism, specifically the behavior in the case of commensurate frequencies.
The Hamiltonian (3.3) is given in the form
The transformed Hamiltonian is defined as a power series in λ (2.3). In deviation from the original choice (2.2) the generator is now defined as:
This choice of η is in accordance with the classical Birkhoff transformation as applied by Gustavson [4] . It makes the iterative calculation simpler, since commutation with H 0 will reproduce a given operator term a †k a r b †m b n :
where
Inserting the power series (2.3) for the transformed Hamiltonian into the flow equation (2.1) and comparing the coefficients of the powers of λ gives the differential equations:
It follows that H 0 = const. and H k (ℓ), k = 1, 2 . . . can be iteratively calculated: inserting the general ansatz
where ε krmn ≥ 0 was defined above. The function α krmn (ℓ) can be shown to be a sum of terms of the form
The solution to (4.6) is
Ignoring for a moment the inhomogeneity α krmn (ℓ) we find the following behavior: all terms will decay exponentially except for two cases in which ε krmn may vanish:
1. The given operator term a †k a r b †m b n is diagonal (k = r and m = n).
2. The frequencies w and v are commensurate.
It can be seen that the inhomogeneity α krmn (ℓ) will not change this general behavior. Thus the transformation can be successfully performed in the case of incommensurate frequencies and only diagonal terms will remain in the limit ℓ → ∞. In the case of commensurate frequencies off-diagonal operators a †k a r b †m b n may only remain for ε krmn = 0. Since the number of terms in H k (ℓ) grows rapidly with k the described procedure with all its algebraic manipulations was performed by a computer program in the language C. This way H 0 , . . . , H 8 were determined. The results of these calculations will be presented in the following section.
Results of the Diagonalization
The two procedures described in the last two sections were applied to the Hénon-Heiles Hamiltonian (3.1) in a case of incommensurate frequencies with the values w = 1.3, v= 0.7, λ = −0.1, n= 0.1. The iteration procedure to 8th order results in the following diagonal form (at λ = −0.1): Table 1 shows the eigenvalue spectra derived from the transformed Hamiltonian for the cut-off procedure carried out to fourth order and for the iteration procedure to fourth and to eighth order in λ. The numerical calculations were performed by diagonalizing a 900×900-matrix using FORTRAN-routines presented in [13] . The error ∆ gives the relation of the deviation from the numerical value with respect to the total shift due to the coupling:
It was calculated for the values of the iteration procedure to 8th order. The calculated spectrum reproduces the numerical data well. For the fixed value of λ = 0.1 the iteration procedure gives better results than the cut-off procedure. Iteration to higher orders does not necessarily improve the approximation of the numerical data: the ground state energy is more accurate for the iteration to 4th order than for the iteration to 8th order. Therefore there is no monotonous convergence of the determined eigenvalues to the exact ones with increasing order of iteration. Whether the eigenvalues determined in the flow equation procedure are always above the exact ones could not be shown analytically.
One can determine how the energy eigenvalues for a given pair of quantum numbers changes as the coupling strength λ is increased. The result is shown in figure 2 for 12 eigenvalues in the cut-off procedure to 3rd order and the iteration procedure to 8th order. With growing coupling λ the potential well in figure 1 becomes shallower and the eigenstates move closer together. The eigenvalues decrease as the coupling is increased. Moreover, one finds that states with higher energy at λ = −0.1 will drop faster than the lower states as the coupling is increased. This is due to the fact that the eigenstates to higher eigenvalues are more spread out in space such that the effect of the λ · q 3 2 -term in the potential (3.1) upon them is larger.
Comparison with numerical data seems to indicate that for larger coupling values of λ the cut-off procedure gives more accurate results than the iteration procedure. However, a precise quantitative analysis is not possible in the λ-range in which the eigenvalues from the two flow equation procedures differ: for growing values of λ one has to restrict the numerical diagonalization to smaller matrices in order to avoid the effect of the continuum causing the appearance of intermittent states (seen in figure 3 ).
A Case of Commensurate Frequencies
The two flow equation procedures (sections 3 and 4) were applied to the Hamiltonian (3.1) in a case of commensurate frequencies (w = 1.0, v= 1.0, λ = −0.1, n= 0.1). As shown in section 4, off-diagonal terms will not entirely disappear from the transformed Hamiltonian due to the commensurability. According to (4.3) and (4.6) remaining off-diagonal operator terms are of the form a †k a r b †m b n with ε krmn = (k − r) + (m − n) = 0. They couple states |n 1 , n 2 for which n 1 + n 2 = const. Neglecting these off-diagonal terms, we obtained fairly accurate eigenvalues. To account for the off-diagonal terms small tridiagonal matrices were numerically diagonalized within the originally degenerate subspace. This improves the precision of the calculated eigenvalues. The cut-off procedure does not have this problem. Since the oscillator frequencies v and w in (3.3) are ℓ dependent (see (3.7)), initially commensurate frequencies become incommensurate for finite ℓ. The results for the cut-off procedure to fourth order, iteration procedures to The eigenvalues for the quantum numbers of the lowest 12 eigenstates at λ = −0.1 as a function of the coupling strength λ in the Cut-off procedure to 3rd order (above) and the iteration procedure to 8th order (below). The numerical integration breaks down for large coupling (above). 4th and 6th order and the improved values of the 6th-order iteration are listed in table 2. ∆ gives the error of the improved values with respect to the total shift due to the coupling:
The originally degenerate subspaces are separated by horizontal lines.
Dynamics of the Quantum Mechanical System
In the framework of classical mechanics one can put a particle in the potential well ( figure 1 ) and calculate the trajectory for a given set of starting values. To model this classical approach in the framework of quantum mechanics one can ask: How does a state originally located within the potential well evolve with time ? The eigenstates of the uncoupled oscillator are located within the potential well. Their time evolution is given by the Hamilton operator H of the coupled system. The absolute value of the matrix element β| exp(iHt)|α indicates how much of a particle is in state |β after time t if the particle was located in state |α at time 0 where |α and |β represent two of the eigenstates of the uncoupled oscillator.
To calculate such matrix elements the eigenstates of the uncoupled oscillator are expressed in terms of the eigenstates of the full Hamiltonian of the coupled system. For this purpose one can set up flow equations for the transformation of states which results in a fairly large set of differential equations. Since the transformation of the Hamiltonian was already calculated there is an easier way to calculate the transformation of states which will be explained in the framework of the iteration procedure introduced in section 4:
In analogy to the transformation of the Hamiltonian one determines the transformed annihilation operator a(ℓ) = U † (ℓ) aU (ℓ) from the flow equations For several final states |β matrix elements of the type (7.1) are determined as a function time. Because of the coupling of time and energy in the exponential function an expansion of the exponent in powers of λ -and thus in powers of t -does not give the right long term behavior. Therefore the exponential functions are not expanded. The resulting matrix elements are of the form:
with coefficients a k and exponents b k . E k represents a difference of energy eigenvalues which are determined in the iterative process to the 6th power of λ. Thus if the coefficients of the expansion in λ are all of order 1 the phases E k t can be determined up to 1 percent accuracy in the range
This gives only a rough estimate since Siegel [14] proved that the Birkhoff normal form will generally not converge. This can easily be deduced from the fact that the Hénon-Heiles potential is not integrable whereas any polynomial in Birkhoff normal form will always be integrable. One expects an asymptotic convergence of the expansion in λ such that the coefficients of higher powers of λ will generally grow. Thus the time range in which the calculated matrix elements are valid is smaller than the one given above. For the initial state |α = a † |0 amplitudes for the transition to the six final states
and a † b †3 |0 were determined at λ = −0.1. Figure 4 shows the first four of them as a function of time. Amplitudes for transitions to final states with an even number of a † -operators can be shown to vanish. The parameter λ is a measure of the strength of coupling between the two harmonic oscillators (3.1). One expects that a growing coupling value facilitates transitions between different states. Figure 6 shows the square of the transition amplitude 0|a exp(iHt) a † |0 as a function of time for various values of λ. Moreover, one finds that the dominant oscillation frequency decreases with growing coupling.
In the framework of quantum mechanics one expects a particle located within the potential well of figure 1 to tunnel through the potential barrier with a certain probability. This probability depends upon the energy of the particle and upon the size and geometry of the barrier. Thus the tunneling should become apparent if one investigates the dynamics of higher exited states or if one decreases the size of the potential well by increasing the coupling λ. Estimates of the tunneling frequency show that the effect of tunneling is negligible for λ = −0.1. However, for λ = −0.25 tunneling should become apparent. In figure 6 one finds a modulation in the amplitude of oscillation for λ = −0.25. But this may also be a numerical artifact because in this range of coupling strength the numerical precision decreases. Since the Birkhoff approach consists in approximating a power series by a finite polynomial, any transition amplitude will always be a finite sum of harmonic oscillations. Therefore any calculated time evolution will necessarily be periodic in time.
Physical observables can be calculated in essentially the same way as was shown for the transition amplitudes (7.1). Using the relationŝ for spatial and momentum coordinates one can easily calculate expectation values of the form q 2 = α|U †q2 U |α , which show a similar oscillatory behavior as that in figure 4.
Summary and Outlook
In this paper we calculated effective eigenvalues of the quantum mechanical Hénon-Heiles Hamiltonian using flow equations -a method of continuous unitary transformation proposed by Wegner [2] . We used two different procedures to solve the flow equations -an iterative procedure and a Cut-off procedure. The Cut-off procedure has been used before in several applications of the flow equations. It seems to be most appropriate if a (perturbative) renormalization of the Hamiltonian has to be done. This is not necessary in the present case. The Cut-off procedure has the disadvantage that in most cases it is difficult to solve the resulting differential equations explicitly. Often one can extract the asymptotic behavior and based thereon an approximate solution. But if one wants to have precise numerical results, one has to solve the differential equations numerically. The main advantage of the iterative procedure is that the differential equations can be solved explicitly and that it can be carried out to much higher orders.
We used both methods to calculate the eigenvalue spectrum of the Hénon-Heiles Hamiltonian. In a case of incommensurate frequencies the eigenvalues coincide well with those obtained by numerical diagonalization of a finite matrix. In the treated case the precision of results is comparable to that obtained by Delos and Swimm [7] who used consecutive canonical transformations to approximate the classical Hamilton function by a Birkhoff normal form. For small coupling value the iteration procedure gives more accurate results whereas for larger coupling values the cut-off procedure seems to be better. However, for very large coupling the potential well decreases in size and the discrete spectrum disappears. This is found in a series of numerical matrix diagonalizations at various coupling values.
The case of commensurate frequencies can be treated in essentially the same way, matrix diagonalization shows good agreement with numerical results. In the commensurate case the diagonalization procedure is much less lengthy than that presented by Delos and Swimm. A quantitative comparison to their results is not possible since the normal form cited in [7] does not correspond to the given parameter set. And the presented eigenvalue spectrum does not match with either the parameter set given or the normal form cited.
On the basis of the transformation of eigenstates we analyzed the quantum mechanical dynamics of the Hénon-Heiles system. We determined the time evolution of a set of states located within the potential well. We found oscillations between different states with amplitudes depending on the coupling strength. A certain completeness is found by adding up absolute values of several transition amplitudes.
It is interesting to see that continuous unitary transformations can be used to obtain precise results for a system like the quantum mechanical Hénon-Heiles model. The method was originally designed to calculate eigenvalues of a given Hamiltonian, at least approximatively and close to the ground state [2] . In many applications of the method, the goal was to obtain an effective Hamiltonian that describes well the low energy behavior of the system (see e.g. [8, 9, 10, 11] ). The effective Hamiltonian calculated in the present approach is in a quantum mechanical Birkhoff normal form, i.e. a polynomial in the oscillator Hamiltonians (p 2 +q 2 ). It does not describe the q 3 -shape of the Hénon-Heiles potential for large absolute values of q. The energies we calculated using this method are energies of approximately stationary states. As a consequence one cannot describe the tunneling through the barrier. This limitation is not imposed by the flow equation method. Even numerical diagonalizations will not allow a correct description of the tunneling. But for sufficiently large escape times the results describe the short time behavior of the system quite well.
The transformation to a Birkhoff normal form yields an asymptotic series because the classical Hénon-Heiles system shows a transition to a chaotic regime. In principle the flow equations can be successfully applied to a quantum mechanical Hamiltonian that has a chaotic classical counterpart (see also [12] ). A first focus of interest for such a system are statistical properties of the spectrum [3] . Flow equations can be used to calculate precise eigenenergies. The way normal ordering is introduced determines the interval of energy where precision is high. Typically one has to restrict the number of couplings in the Hamiltonian using some truncation scheme. The neglected terms are in a normal ordered form. If one chooses the ground state as the basis for the normal ordering, the resulting effective Hamiltonian describes the ground state and low lying excitations quite well. In the present approach the normal ordering was introduced with respect to the ground state of the uncoupled system. Therefore we were able to obtain precise results for energies close to the minimum of the potential. One could also choose a normal ordering with respect to some high energy state in order to calculate eigenenergies close to this energy scale. While this approach is not sensible in the case of the Hénon-Heiles system, because the potential well has only a limited depth, it can be useful for other physical systems.
